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Derivation

Let R be a ring. A function § :R —R is called a derivation on R if and only if

S(r+r')=6(r)+6(r")

S(rr' )=06(r) r'+ré(r"




Commuting derivations

Let R be a ring and A a set of derivations on R. We refer to the derivations as being

commutative
if and only if
61(62(r)) = 62(61(1) VreR V8,6, EA
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Differential polynomial ring |
Let I be a finite set, (¥; g)ier, gep be algebraically independent over the field F' of

characteristic zero, and let A be a finite set of commuting derivations onF [(V; g)ier gepls

using D as abbreviation for ComMonoid (A).

We call F[(¥; g)ier gep] » together with A, the differential polynomial ring over F in

(yi,g)ie,, gep and A | if and only if

O|F is a derivation on F and

§(¥io) =viso VIEA
It is denoted by F{Y}.




Differential closure of a set

Let P € F{Y}, we define differential closure of P as

PP ={q e F{Y} q = 8(p) for somep € P and 6 € D}

Differential ideal

An ideal | € F{Y} is called differential ideal iff J = JP.




Generated differential ideal
Let P be a subset of F{Y}. We denote by [P] the smallest subset of F{Y}

containing P, while being closed under applying derivations and

multiplication by elements of F{Y} as well as addition.

[P] is a differential ideal called the differential ideal generated by P.




Remarks

* There is no differential equivalent of Hilbert’s basis theorem.

* Tinite bases need not exist for arbitrary differential ideals .

* Finite basis exist for radical differential ideals (Ritt-Raudenbush Theorem).

Example:
. Let F{y} be the ordinary ring of differential polynomials. Then, the sequence of

differential ideals

[y?]1 € [y%yi]l € - € [¥?, .., ¥2]1 € - F{y} (Hetey; = 6'(y))

is an infinite strictly increasing sequence.




Differentially admissible ordering

We call a total order < on

T := ComMonoid ((¥;g)iec1 9ep) (set of differential monomials)

differentially admissible order on (V; g)ie; gep if VE,s,u €T

1 <\t

S SS N =oNN E S S

Yi,0< Yi,p6

Yio<Yigr = Vipo<Yi'pe' VPE D\{1} (ranking of derivatives)




Notations

Letp € F{Y} and > be a differentially admissible ordering on(y; g)ier gep»
Eet pi= 0 sk Er 2 N\ ERE R Wi tise

e ld(p):=max{z€T'}, herec, €F\{0}.

e lc(p)i=c, if z=1d(p)

* lt(p):= le(p)ld(p)

e Terms(p) =T

e For P C F{Y}, we define, L(P): = {ld(p)|p € P}.




Lexicographic ordering

Letd}, dré € T:= ComMonoid((y;g)ier, oep- The lexicographic ordering on terms

of differential polynomial is given as

o = d M\

Else i = j and first non-zero difference a; — 1, a, — B>, ...., @, — Py is positive.




Total degree ordering

The total degree ordering on the derivative terms 1s given by
1, = a i

Elsei =j and |a| > |B]

Elsei =j and |a| = |B]

and first non-zero difference «; — fp1,a, — >, ....,a, — B, is positive.

Example

In the differential polynomial

f=F — Duyyy + U3 — (Vyy — V7 Yy

Letu > v > x >y > z,u,v are unknown functions of x, y, z.
ld(f) = UfUyyy, Wt lex. ordering

ld(f) = vyy Uyy, Wrt total degree ordering




Differential GrObner basis
Let | be a differential ideal in F{Y} and G S F{Y}, G is called differential Grébner basis of J iff

e 0gGC]J
<L() >=<L(GP) >

Remark

Differential Grébner basis may not be finite.




If we know finite DGB of a differential ideal I, we can algorithmically test the

membership to this ideal:

Example. Any linear ideal in one variable has a finite differential Grébner basis.

Unfortunately, differential Grébner bases are often infinite:

Example. The ideal [y™], n = 2, does not have finite DGB w.r.t. lex.




Differentially reduced polynomial
Let P € F{Y} and p,q € F{Y}, we say that p is differentially
reduced with respect to q iff

ld(@ (q)) } terms(p) Vo € D

We say that p is differentially reduced with respect to set P if p is differentially reduced with respect

to all polynomials of P.

Differentially reduced set

Let P € F{Y}, then P is called differentially reduced if and only if
p is differentially reduced w.r.t q for all p,q € P.

Morteover, leading coetficients of all polynomials must be 1.




S-Polynomial
Let p, q € F{Y} be non-zero differential polynomials, then S-polynomial of p, q,

denoted by S(p, q), is defined as

1
HORSTIOR

S(p,q) =

where t,S € D, such that

lem(1d(p),ld(q)) = t ld(p) = sld(q).

S(p, q) = 0 if either of p or q is zero.




Normal form 1s a remainder of a polynomial after division by a set of given polynomials.

Normal form of a polynomial

LetRbearing, f € R and G = {g4, 9>, .-, gs} is a finite list of polynomials in R, then normal
form of f wir.t G, denoted by NF(f|G), is a polynomial in R such that

e NF(0|G) = 0

« NF(fIG) #0 = Id(NF(f|G)) & L(G)

e f—NF(f|G)=);_1a;9; wherea; € R, such that
ld(Xi-1a; g;) = ld(a; g;) for all i such that a; g; # 0.




Algorithm: Normal form(NF(f| G))

Input: f € K[x] and a finite set of polynomials G.

Output: h:= normal form of f wr.t G
o h s f;

* While (h # 0 and G, :== {g € G|LM(g) divides LM(h)} # @)
choose any g € Gy,

B o e d®

) (S-polynomial(h, g))

* Return h ;




Algorithm: Reduced Normal form (redNF(f| G))
Input: f € K[x] and a finite set of polynomials G.

Output: h:= a reduced normal form of f wir.t G

c=U L O
* While (g # 0)
g = NF(gl|G)
Iftg+0
h=nh+1t( g);
g = tail( g);
* Return h/lc(h);




Theorem

Let J be a differential ideal in F{Y}, and P < J\{0}. Then the following statements are

equivalent

e PisaGrobner basis ofJ.
. e <L()>=<L(PP)>
« f€J iff NF(fIP) =0

« JC[P] and foranyp,q€ PP: NF(S(p,q)|P)=0




Differential Grobner basis algorithm

Input: 2 monomial ordering >, a set G € F{Y}, normal form algorithm
Output: A differential Grébner basis S such that | =< § > ;
NG |
* P={(f,9) f.g€Sf #g}

e While (P # 0)
choose (f,g) € P

P:=P\{(f.9)}
h == NF (spoly(f, 9)|S");

if (h # 0)
P:=PU{(h)If €S}
S=SU{h};

e return S;




Theorem

Every differential ideal ] in differential polynomial ring F{Y'} has a unique differentially reduced
differential Grébner basis for J.

Remark:

We can make an arbitrary Grobner basis G reduced by applying reduced normal form to

(f,G\{f}) forall f €G.




The End

Any Questions????
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