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Derivation

Let 𝑅𝑅 be a ring. A function 𝛿𝛿 :𝑅𝑅 →𝑅𝑅 is called a derivation on 𝑅𝑅 if  and only if

𝛿𝛿(𝑟𝑟+𝑟𝑟′ )=𝛿𝛿(𝑟𝑟)+𝛿𝛿(𝑟𝑟′ )

𝛿𝛿(𝑟𝑟𝑟𝑟′ )=𝛿𝛿(𝑟𝑟) 𝑟𝑟′+𝑟𝑟𝛿𝛿(𝑟𝑟′)                              ∀ 𝑟𝑟, 𝑟𝑟′∈𝑅𝑅



Commuting derivations
Let 𝑅𝑅 be a ring and ∆ a set of  derivations on 𝑅𝑅. We refer to the derivations as being 

commutative 

if  and only if                                                                                                           

𝛿𝛿1(𝛿𝛿2(𝑟𝑟)) = 𝛿𝛿2(𝛿𝛿1(𝑟𝑟)) ∀ 𝑟𝑟 ∈ 𝑅𝑅 ∀ 𝛿𝛿1, 𝛿𝛿2 ∈ ∆



Differential polynomial ring
Let 𝐼𝐼 be a finite set, (𝑦𝑦𝑖𝑖,𝜃𝜃)𝑖𝑖∈𝐼𝐼, 𝜃𝜃∈𝐷𝐷 be algebraically independent over the field 𝐹𝐹 of  

characteristic zero, and let ∆ be a finite set of  commuting derivations on𝐹𝐹[(𝑦𝑦𝑖𝑖,𝜃𝜃)𝑖𝑖∈𝐼𝐼, 𝜃𝜃∈𝐷𝐷], 

using 𝐷𝐷 as abbreviation for ComMonoid (∆).

We call 𝐹𝐹[(𝑦𝑦𝑖𝑖,𝜃𝜃)𝑖𝑖∈𝐼𝐼, 𝜃𝜃∈𝐷𝐷] , together with ∆,  the differential polynomial ring over 𝐹𝐹 in  

(𝑦𝑦𝑖𝑖,𝜃𝜃)𝑖𝑖∈𝐼𝐼, 𝜃𝜃∈𝐷𝐷 and  ∆ , if  and only if

𝛿𝛿|𝐹𝐹 is a derivation on 𝐹𝐹 and

𝛿𝛿 𝑦𝑦𝑖𝑖,𝜃𝜃 = 𝑦𝑦𝑖𝑖,𝛿𝛿𝛿𝛿 ∀ 𝛿𝛿 ∈ ∆

It is denoted by 𝐹𝐹{𝑌𝑌}.



Differential closure of  a set

Let  𝑃𝑃 ⊆ 𝐹𝐹 𝑌𝑌 , we define differential closure of  𝑃𝑃 as

�𝑃𝑃𝐷𝐷 = 𝑞𝑞 ∈ 𝐹𝐹 𝑌𝑌 𝑞𝑞 = 𝜃𝜃 𝑝𝑝 𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑝𝑝 ∈ 𝑃𝑃 𝑎𝑎𝑎𝑎𝑎𝑎 𝜃𝜃 ∈ 𝐷𝐷}

Differential ideal

An ideal 𝐽𝐽 ⊆ 𝐹𝐹 𝑌𝑌 is called differential ideal iff 𝐽𝐽 = ̅𝐽𝐽𝐷𝐷. 



Generated differential ideal
Let 𝑃𝑃 be a subset of 𝐹𝐹{𝑌𝑌}. We denote by [𝑃𝑃] the smallest subset of 𝐹𝐹{𝑌𝑌}

containing 𝑃𝑃, while being closed under applying derivations and 

multiplication by elements of 𝐹𝐹{𝑌𝑌} as well as addition.

[𝑃𝑃] is a differential ideal called the differential ideal generated by 𝑃𝑃.



Remarks
• There is no differential equivalent of  Hilbert’s basis theorem.
• Finite bases need not exist for arbitrary differential ideals .
• Finite basis exist for radical differential ideals (Ritt-Raudenbush Theorem).

Example:

Let 𝐹𝐹{𝑦𝑦} be the ordinary ring of  differential polynomials. Then, the sequence of  

differential ideals

𝑦𝑦2 ⊆ 𝑦𝑦2,𝑦𝑦12 ⊆ ⋯ ⊆ 𝑦𝑦2, … ,𝑦𝑦𝑛𝑛2 ⊆ ⋯𝐹𝐹{𝑦𝑦} (Here 𝑦𝑦𝑖𝑖 = 𝛿𝛿𝑖𝑖(y))

is an infinite strictly increasing sequence.



Differentially admissible ordering

We call a total order < on 

𝑇𝑇 ≔ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 ((𝑦𝑦𝑖𝑖,𝜃𝜃)𝑖𝑖∈𝐼𝐼, 𝜃𝜃∈𝐷𝐷) (set of  differential monomials)

differentially admissible order on (𝑦𝑦𝑖𝑖,𝜃𝜃)𝑖𝑖∈𝐼𝐼, 𝜃𝜃∈𝐷𝐷 if    ∀ 𝑡𝑡, 𝑠𝑠,𝑢𝑢 ∈ 𝑇𝑇

• 1 < 𝑡𝑡
• 𝑡𝑡 < 𝑠𝑠 ⟹ 𝑢𝑢𝑢𝑢 < 𝑢𝑢𝑢𝑢
• 𝑦𝑦𝑖𝑖,𝜃𝜃< 𝑦𝑦𝑖𝑖,𝜑𝜑𝜑𝜑
• 𝑦𝑦𝑖𝑖,𝜃𝜃< 𝑦𝑦𝑖𝑖′,𝜃𝜃′ ⟹ 𝑦𝑦𝑖𝑖,𝜑𝜑𝜑𝜑< 𝑦𝑦𝑖𝑖′,𝜑𝜑𝜃𝜃′ ∀ 𝜑𝜑 ∈ 𝐷𝐷\{1} (ranking of  derivatives)



Notations

Let 𝑝𝑝 ∈ 𝐹𝐹 𝑌𝑌 𝑎𝑎𝑎𝑎𝑎𝑎 > be a differentially admissible ordering on(𝑦𝑦𝑖𝑖,𝜃𝜃)𝑖𝑖∈𝐼𝐼, 𝜃𝜃∈𝐷𝐷,

Let 𝑝𝑝 = ∑𝑧𝑧∈𝑇𝑇′ 𝑐𝑐𝑧𝑧𝑧𝑧,     𝑇𝑇′ ⊆ 𝑇𝑇.  We use 

• 𝑙𝑙𝑑𝑑 𝑝𝑝 : = max{𝑧𝑧 ∈ 𝑇𝑇′},       here 𝑐𝑐𝑧𝑧 ∈ 𝐹𝐹 \ {0}.

• 𝑙𝑙𝑙𝑙 𝑝𝑝 : = 𝑐𝑐𝑧𝑧 𝑖𝑖𝑖𝑖 𝑧𝑧 = 𝑙𝑙𝑙𝑙(𝑝𝑝)

• 𝑙𝑙𝑡𝑡 𝑝𝑝 : = 𝑙𝑙𝑙𝑙 𝑝𝑝 𝑙𝑙𝑙𝑙(𝑝𝑝)

• 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 𝑝𝑝 ≔ 𝑇𝑇′

• For 𝑃𝑃 ⊆ 𝐹𝐹 𝑌𝑌 , we define , 𝐿𝐿 𝑃𝑃 : = 𝑙𝑙𝑑𝑑 𝑝𝑝 𝑝𝑝 ∈ 𝑃𝑃}.



Lexicographic ordering

Let 𝑑𝑑𝛼𝛼𝑖𝑖 , 𝑑𝑑𝛽𝛽
𝑗𝑗 ∈ 𝑇𝑇: = 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶((𝑦𝑦𝑖𝑖,𝜃𝜃)𝑖𝑖∈𝐼𝐼, 𝜃𝜃∈𝐷𝐷. The lexicographic ordering on terms

of differential polynomial is given as

𝑑𝑑𝛼𝛼𝑖𝑖 ≥ 𝑑𝑑𝛽𝛽
𝑗𝑗 if       𝑖𝑖 > 𝑗𝑗

Else 𝑖𝑖 = 𝑗𝑗 and first non-zero difference 𝛼𝛼1 − 𝛽𝛽1,𝛼𝛼2 − 𝛽𝛽2 , … . ,𝛼𝛼𝑛𝑛 − 𝛽𝛽𝑛𝑛 is positive.



Total degree ordering
The total degree ordering on the derivative terms is given by

𝑑𝑑𝛼𝛼𝑖𝑖 ≥ 𝑑𝑑𝛽𝛽
𝑗𝑗 if       𝑖𝑖 > 𝑗𝑗

Else 𝑖𝑖 = 𝑗𝑗 and  𝛼𝛼 > 𝛽𝛽

Else 𝑖𝑖 = 𝑗𝑗 and  𝛼𝛼 = 𝛽𝛽

and first non-zero difference 𝛼𝛼1 − 𝛽𝛽1,𝛼𝛼2 − 𝛽𝛽2 , … . ,𝛼𝛼𝑛𝑛 − 𝛽𝛽𝑛𝑛 is positive.

Example

In the differential polynomial 

𝑓𝑓 = 𝑢𝑢𝑥𝑥2 − 1 𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥 + 𝑢𝑢𝑧𝑧𝑧𝑧3 − ( 𝑣𝑣𝑦𝑦𝑦𝑦 − 𝑣𝑣𝑧𝑧 )𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥.

Let 𝑢𝑢 > 𝑣𝑣 > 𝑥𝑥 > 𝑦𝑦 > 𝑧𝑧 , 𝑢𝑢, 𝑣𝑣 are unknown functions of 𝑥𝑥,𝑦𝑦, 𝑧𝑧.

𝑙𝑙𝑙𝑙 𝑓𝑓 = 𝑢𝑢𝑥𝑥2𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥 w.r.t  lex. ordering

𝑙𝑙𝑙𝑙 𝑓𝑓 = 𝑣𝑣𝑦𝑦𝑦𝑦 𝑢𝑢𝑥𝑥𝑥𝑥𝑥𝑥 w.r.t  total degree ordering



Differential Gr𝐨̈𝐨bner basis
Let 𝐽𝐽 be a differential ideal in 𝐹𝐹{𝑌𝑌} and  𝐺𝐺 ⊆ 𝐹𝐹 𝑌𝑌 , 𝐺𝐺 is called differential Gröbner basis of  𝐽𝐽 iff

• 0 ∉ 𝐺𝐺 ⊆ 𝐽𝐽

• < 𝐿𝐿 𝐽𝐽 > = < 𝐿𝐿 𝐺̅𝐺𝐷𝐷 >

Remark

Differential Gröbner basis may not be finite.



If  we know finite DGB of  a differential ideal I, we can algorithmically test the 

membership to this ideal:

Example. Any linear ideal in one variable has a finite differential Gröbner basis.

Unfortunately, differential Gröbner bases are often infinite: 

Example. The ideal [𝑦𝑦𝑛𝑛], 𝑛𝑛 ≥ 2, does not have finite DGB w.r.t. lex. 



Differentially reduced polynomial
Let 𝑃𝑃 ⊆ 𝐹𝐹 𝑌𝑌 and 𝑝𝑝, 𝑞𝑞 ∈ 𝐹𝐹{𝑌𝑌}, we say that 𝑝𝑝 is differentially 

reduced with respect to 𝑞𝑞 iff

𝑙𝑙𝑙𝑙 𝜃𝜃 𝑞𝑞 ∤ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑝𝑝 ∀𝜃𝜃 ∈ 𝐷𝐷

We say that 𝑝𝑝 is differentially reduced with respect to set 𝑃𝑃 if  𝑝𝑝 is differentially reduced with respect 

to all polynomials of  𝑃𝑃.

Differentially reduced set
Let 𝑃𝑃 ⊆ 𝐹𝐹 𝑌𝑌 ,  then 𝑃𝑃 is called differentially reduced if  and only if  

𝑝𝑝 is differentially reduced w.r.t 𝑞𝑞 for all 𝑝𝑝, 𝑞𝑞 ∈ 𝑃𝑃.

Moreover, leading coefficients of  all polynomials must be 1.



S-Polynomial
Let 𝑝𝑝, 𝑞𝑞 ∈ 𝐹𝐹 𝑌𝑌 be non-zero differential polynomials, then S-polynomial of  𝑝𝑝, 𝑞𝑞, 

denoted by S(𝑝𝑝, 𝑞𝑞), is defined as

S 𝑝𝑝, 𝑞𝑞 =
1

𝑙𝑙𝑙𝑙(𝑝𝑝)
𝑡𝑡𝑡𝑡 −

1
𝑙𝑙𝑙𝑙 𝑞𝑞

𝑠𝑠𝑠𝑠

where 𝑡𝑡, 𝑠𝑠 ∈ 𝐷𝐷, such that

𝑙𝑙𝑙𝑙𝑙𝑙 𝑙𝑙𝑙𝑙 𝑝𝑝 , 𝑙𝑙𝑙𝑙 𝑞𝑞 = 𝑡𝑡 𝑙𝑙𝑙𝑙 𝑝𝑝 = 𝑠𝑠𝑠𝑠𝑠𝑠(𝑞𝑞).

S 𝑝𝑝, 𝑞𝑞 = 0 if  either of 𝑝𝑝 or 𝑞𝑞 is zero.



Normal form is a remainder of  a polynomial after division by a set of  given polynomials.

Normal form of  a polynomial
Let R be a ring, 𝑓𝑓 ∈ 𝑅𝑅 and 𝐺𝐺 = {𝑔𝑔1,𝑔𝑔2, … ,𝑔𝑔𝑠𝑠} is a finite list of  polynomials in 𝑅𝑅, then normal 

form of  𝑓𝑓 w.r.t 𝐺𝐺, denoted by  𝑁𝑁𝑁𝑁(𝑓𝑓|𝐺𝐺), is a polynomial in 𝑅𝑅 such that

• 𝑁𝑁𝑁𝑁 0 𝐺𝐺 = 0

• 𝑁𝑁𝑁𝑁 𝑓𝑓 𝐺𝐺 ≠ 0 ⟹ 𝑙𝑙𝑙𝑙 𝑁𝑁𝑁𝑁 𝑓𝑓 𝐺𝐺 ∉ 𝐿𝐿(𝐺𝐺)

• 𝑓𝑓 − 𝑁𝑁𝑁𝑁 𝑓𝑓 𝐺𝐺 = ∑𝑖𝑖=1𝑠𝑠 𝑎𝑎𝑖𝑖 𝑔𝑔𝑖𝑖 where 𝑎𝑎𝑖𝑖 ∈ 𝑅𝑅 , such that

𝑙𝑙𝑙𝑙(∑𝑖𝑖=1𝑠𝑠 𝑎𝑎𝑖𝑖 𝑔𝑔𝑖𝑖) ≥ 𝑙𝑙𝑙𝑙(𝑎𝑎𝑖𝑖 𝑔𝑔𝑖𝑖) for all 𝑖𝑖 such that 𝑎𝑎𝑖𝑖 𝑔𝑔𝑖𝑖 ≠ 0.



Algorithm: Normal form(NF(f|G))

Input: 𝑓𝑓 ∈ 𝐾𝐾[𝑥𝑥] and a finite set of  polynomials 𝐺𝐺.

Output: ℎ:= normal form of  𝑓𝑓 w.r.t 𝐺𝐺

• ℎ ≔ 𝑓𝑓;

• While (ℎ ≠ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝐺𝐺ℎ ≔ 𝑔𝑔 ∈ 𝐺𝐺 𝐿𝐿𝐿𝐿 𝑔𝑔 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝐿𝐿𝐿𝐿(ℎ)} ≠ ∅)

choose any 𝑔𝑔 ∈ 𝐺𝐺ℎ

ℎ ≔ ℎ − 𝑙𝑙𝑙𝑙 ℎ
𝑙𝑙𝑙𝑙 𝑔𝑔

𝑙𝑙𝑙𝑙 ℎ
𝑙𝑙𝑙𝑙 𝑔𝑔

𝑔𝑔 (S-polynomial(ℎ,𝑔𝑔))

• Return ℎ ;



Algorithm: Reduced Normal form (redNF(f|G))

Input: 𝑓𝑓 ∈ 𝐾𝐾[𝑥𝑥] and a finite set of  polynomials 𝐺𝐺.

Output: ℎ:= a reduced normal form of  𝑓𝑓 w.r.t 𝐺𝐺

• ℎ ≔ 0 ; 𝑔𝑔 ≔ 𝑓𝑓;

• While (𝑔𝑔 ≠ 0 )

𝑔𝑔 = 𝑁𝑁𝑁𝑁(𝑔𝑔|𝐺𝐺)

If  𝑔𝑔 ≠ 0

ℎ ≔ ℎ + 𝑙𝑙𝑙𝑙 𝑔𝑔 ;

𝑔𝑔 ≔ 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑔𝑔 ;

• Return �ℎ 𝑙𝑙𝑙𝑙(ℎ);



Theorem
Let 𝐽𝐽 be a differential ideal in 𝐹𝐹{𝑌𝑌}, and 𝑃𝑃 ⊆ 𝐽𝐽\{0}. Then the following statements are 

equivalent

• 𝑃𝑃 is a Gr𝑜̈𝑜bner basis of 𝐽𝐽.

• < 𝐿𝐿 𝐽𝐽 > =< 𝐿𝐿 �𝑃𝑃𝐷𝐷 >

• 𝑓𝑓 ∈ 𝐽𝐽 𝑖𝑖𝑖𝑖𝑖𝑖 𝑁𝑁𝑁𝑁 𝑓𝑓 𝑃𝑃 = 0

• 𝐽𝐽 ⊆ 𝑃𝑃 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑝𝑝, 𝑞𝑞 ∈ �𝑃𝑃𝐷𝐷: 𝑁𝑁𝑁𝑁 𝑆𝑆 𝑝𝑝, 𝑞𝑞 𝑃𝑃 = 0



Differential Gröbner basis algorithm
Input: a monomial ordering >, a set 𝐺𝐺 ⊆ 𝐹𝐹 𝑌𝑌 , normal form algorithm

Output: A differential Gröbner basis 𝑆𝑆 such that 𝐽𝐽 =< 𝑆𝑆 >

• 𝑆𝑆: = 𝐺𝐺;

• 𝑃𝑃 ≔ 𝑓𝑓,𝑔𝑔 𝑓𝑓,𝑔𝑔 ∈ 𝑆𝑆, 𝑓𝑓 ≠ 𝑔𝑔};

• While (𝑃𝑃 ≠ ∅)

choose 𝑓𝑓,𝑔𝑔 ∈ 𝑃𝑃

𝑃𝑃 ≔ 𝑃𝑃 \{(𝑓𝑓,𝑔𝑔)};

ℎ ≔ 𝑁𝑁𝑁𝑁(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓,𝑔𝑔)| ̅𝑆𝑆𝐷𝐷);

if  (ℎ ≠ 0)

𝑃𝑃 ≔ 𝑃𝑃 ∪ {(ℎ, 𝑓𝑓)|𝑓𝑓 ∈ 𝑆𝑆};

𝑆𝑆 ≔ 𝑆𝑆 ∪ {ℎ} ;

• return 𝑆𝑆;                             



Theorem

Every differential ideal 𝐽𝐽 in differential polynomial ring 𝐹𝐹{𝑌𝑌} has a unique differentially reduced 

differential Gröbner basis for 𝐽𝐽.

Remark:

We can make an arbitrary Gröbner basis 𝐺𝐺 reduced by applying reduced normal form to 

(𝑓𝑓,𝐺𝐺 \{𝑓𝑓}) for all 𝑓𝑓 ∈ 𝐺𝐺.



The End

Any Questions????
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