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History

There are three main algorithms to compute primary decomposition
of ideals in polynomial rings over the rational numbers.

® The first algorithm was given by Gianni, Trager, Zacharias. In
this algorithm the primary decomposition is done by reducing
the problem to the zero-dimensional case.
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this algorithm the primary decomposition is done by reducing
the problem to the zero-dimensional case.

® The method of primary decomposition knowing the isolated
prime ideals was given by Shimoyama, Yokoyama. In this
method they introduced pseudo—primary ideals and extract the
primary components from these ideals. An ideal is
pseudo—primary if its radical is a prime ideal.
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having redundant primary ideals was given by Noro and

Kawazoe. They introduced saturated separating ideals, ideals
obtained as the quotient of an ideal with its isolated primary
component.
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Generalization to modules

® The idea of Gianni, Trager and Zacharias have been
generalized by Ruthman to submodules of a free modules of
polynomial rings over fields.
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Abstract

® we present an algorithm for the primary decomposition of a
submodule N of M C Q[z, ..., z,]*. We will use for this
purpose the algorithms for primary decomposition for ideals In
polynomial rings. We will generalize the method of Kawazoe

and Noro to primary decomposition for submodules of free
modules.
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Basic Definition

® Let] be anideal of R. A set Q of primary ideals is called a
general primary decomposition of I if I = Ngeo®@. A general
primary decomposition Q is called a primary decomposition of
I if the decomposition I = NgeoQ IS a shortest irredundant

decomposition.

® Let] be anideal of R and 7" a multiplicative closed set in R. We
denote the set {a € R | ab € Ifor some b € T{0}} by TRr N R,
and call it the localization of 7 w.r.t T.

|
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Basic Definition

® Anideal I of Ris called a pseudo—primary ideal if v/I has a

<

unique prime component, that is, v/I is a prime ideal.

Let I be an ideal of R which is not a pseudo—primary ideal,

Py, ..., P, all isolated prime divisors of I, and O a primary
decomposition of 1. Suppose that there finite subsets S, ..., S,
In R which satisfy the following conditions:

SiNP,=0and S;NP; #0fori+#j

each S; is called a separator of I w.r.t P;.

|
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Pseudo-Primary Decomposition

® Theorem(SY) For each i, let Q, = IRs, N R, s; =[], 4. s: and k;
an integer such that I : 5" = TR, N R. Then

I=Q,N...nQ,. NI,

where I’ = (I, ... s%). Moreover, either I’ = R or
dim(I") < dim(I) holds.

|
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Extraction

® |let/ beanidealin R, Then a subset v C z{x1,...,z,} IS called
an independent set (w.r.t I) if I N K[u] = 0. An independent set
u C z (w.r.t I) is called maximal if dim(k[z]/I) = fu.

® |et ] be apseudo-primary ideal with radical P and let Q be its
unique isolated primary component. Suppose that a subset « of
xr ={x1,...,x,} IS maximally independent set module P. Then

Q = 1Q(u)z \ u] N R.

|
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Basic Definition

® lLetl,Q beidealsin R satisfying I ¢ Q. Anideal J is called a
separating ideal for (I, Q) if I =Q N (I + J) holds. If a

separating ideal for (I, Q) satisfies /I : Q =+ I+ J then J is
called a saturated separating ideal for I, ().

® There exist an integer m satisfying I =Q NI + (I : Q)™). For
such m, (I : Q)™ Is a saturated separating ideal. For the same
m,J = (f",.... f/") C (I:Q)™Is also a saturated separating
ideal, where S = {fi,..., fi} Is any generating set of I : Q.
However from the viewpoint of efficiency it is desirable to find a
saturated separating ideal (f;"*,..., f"*) with each m; as small

as possible.
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Proposition

Suppose that /I : Q = /(S5). If a separating ideal J for (I : Q)
satisfies S\ VI ¢ VI, then J is a saturated separating ideal for

(Z,Q).

Theorem
Let J be a separating ideal for (1,Q). If f € /I : Q then there

exists a positive integer m satisfying I =Q N (I + J + (f™)).
Corollary

fI=QnU+J)and vVI+J £ IT:Qthen (I:Q)\vI+J,

there exists a positive integer m satisfying

S m
I=QNUT+J+(f™)#1+J.
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Basic Definition

® LetN C Q C M submodules of Q[z]°. A submodule K is called
a separating submodule for (N, Q) if

N=QnNn(N+K)
holds. If a separating submodule for (N, Q) satisfies

VN : Q= +/Ann(M/N + K)

it is called a saturated separating submodule for (N, Q).

Proposition
Let S = {&,...,&} be agenerating set for Ann(N/Q). If a
separating submodule K satisfies

S\ v/Ann(M/N) C /Ann(M/K), then K is a saturated

separating submodule for (N, Q) \
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Theorem

Let K be a separating submodule for (N, Q). If £ € /N : Q,
then there exists a positive integer r satisfying
N=QN(N+K+&&M).

Theorem
Suppose that N = QN K and /Ann(N/Q) = /Ann(M/K) for
a proper submodule K. Let Q, ..., Q,. be the set of all isolated

primary components of L and set Q' = QN (\._, Q;. If
N =Q'NnK’"and \/Ann(M/K') = \/Ann(N/Q’) for a proper
submodule K/, then any minimal associated prime of K’ is a

non-associated prime of K. In particular any minimal associated
prime of K’ properly contains a minimal associated prime of .

|
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Basic Results

Lemma

® Let N C Z[z]* be Z[z]-modules with Ann(Z[x]* /N) N Z = (0).
Let NQz] = Q, N ...NQ, be an irredundant primary
decomposition with associated primes P; = /Ann(Z[z]*/Q,),
then NQ[z] N Z[z]* = (Q, NZ[z]*)N...N(Q, N Z[x]*) is an
irredundant primary decomposition with associated primes
P;NZ[z] = /Ann(Z[z]*/Q;) N Z[z].

|
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decomposition with associated primes P; = /Ann(Z[z]*/Q,),
then NQ[z] N Z[z]* = (Q, NZ[z]*)N...N(Q, N Z[x]*) is an
irredundant primary decomposition with associated primes
P;NZ[z] = /Ann(Z[z]*/Q;) N Z[z].

Lemma
® lLet N C Z[x]* be Z[x]-modules with Ann(Z[z]*/N)NZ = (¢) and
q=p7i' ... - pi be the prime factorization. Then

N =iy N + 9] Z[z]*).
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Basic Results

Lemma

® lLetN C Z[z]® be Z[x]-modules such that
Ann(Z[x]*/N) N Z = (p¥) for some prime number p . Moreover,
let minAss(NTF,[z]) = {P1, ..., Ps} be the set of minimal
associated prime ideals of NF,[z] and P;,..., P, be the
canonical liftings to Z[z]. Then minAss(N) = { Py, ..., Ps} is the
set of minimal associated primes of V.
If v =1let NF,[z] = Q, N...NQ, be an irredundant primary
decomposition with associated primes Py, ..., P and
Q1,...,Qsresp. Pp, ..., P; be the canonical liftings to Z|x|® resp.
Zlx]. Then N = Q1N ...NQ, is an irredundant primary

decomposition with associated primes Py, ..., P;.
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Definition

“

“

“

An ideal I of Z[x] is called a pseudo primary ideal if VI is a
prime ideal.

A submodule N c Z[z]® is called a pseudo primary submodule
of Z[x])* if Ann(Z[x]®*/N') is a pseudo primary ideal of Z[z].

Let VV be a submodule of Z[x]* and let
minAss(N) = {Py, Ps, ..., P.}, each finite set S; which satisfies
the condition:

SiﬂPiz@andSiﬂPj#(Dfori#j.

Is called a separator of N/ with respect to P; and the set
{51,85,,...,8S,} is called a system of separators for .

|
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Lemma

® |et N be asubmodule of Z[x]* over Z[z] and let S be a
multiplicatively closed subset of Z[z], t = | [, . si, then there

exists an integer k£ such that
Ntk = Z[x| N N Z[z)° = Z[x]|sN N Z[z)°.
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Lemma

® |et N be asubmodule of Z[x]* over Z[z] and let S be a
multiplicatively closed subset of Z[z], t = | [, . si, then there
exists an integer k£ such that
Ntk = Z[x| N N Z[z)° = Z[x]|sN N Z[z)°.

Lemma

® let N C Z[x]* be submodules and let f € Z[x] such that
N f& = N : f&t1 then NV can be splitted as
N =N : BN (N + fEZ[z]®).

|
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pseudo—primary decomposition

Lemma (T. Shimoyama, K. Yokoyama)

® |Let N be submodules of Z[x]|*. Let minAss(N) = {Py, Ps,..., P.}
and {51, 5,,...,5S,} be a system of separators for . For each

i, let Q, = Z[z]s, N N Z[x]*, let s; = H cs, 5 and k; be an integer
such that Z[z]s, N N Z[z]* = (N : s, then

N=0Q,:NQ;N...NnQ,. NN" ()

where N/ = N + s"7Z[z]* + ... 4+ sk Z[z]*. Moreover, either
N’ = Z[z]* or dim(Ann(Z[z])* /N")) < dim(Ann(Z[z]*/N)).

|
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pseudo—primary decomposition

Lemma (T. Shimoyama, K. Yokoyama)

® Let N be submodules of Z[x]*. Let minAss(N) = {Py, P, ..., P.}
and {51, 5,,...,S,} be a system of separators for \/. For each

i, let Q; = Zlz]s, N N Z[z]*, let s; =[], 5. s and k; be an integer
such that Z[z]s, N N Z[z]* = (N : s, then

N=0Q,:NQ;N...NnQ,. NN" ()

where N/ = N + s"7Z[z]* + ... 4+ sk Z[z]*. Moreover, either
N’ = Z[z]* or dim(Ann(Z[z])* /N")) < dim(Ann(Z[z]*/N)).

® Each Q, = (VN : ") is called a pseudo primary component of A/
and N is called the remaining component in the pseudo

primary decomposition. \
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Extraction Lemma

Let NV = Q N J be pseudo—primary submodule of Z[x]* with
VAm(Z[z)s/Q) = P and Q be P—primary with ht(Q) < ht(J). Let
PNZ = (p) for some prime p and v C x be a maximal independent
set of variables for P = PF,[z]. Let A := Z[u],y, then the following
holds:

|
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PNZ = (p) for some prime p and v C x be a maximal independent
set of variables for P = PF,[z]. Let A := Z[u],y, then the following
holds:

® NAlz~uNZx]*=Q

® Let G be a strong Grobner basis of A/ w.r.t. a block ordering
satisfying = ~ v > u. Then G is a strong Grobner basis of
N Alz ~ u] w.r.t. the induced ordering for the variables z \ .
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with a; € Z[u] ~ (p) fori =1,... k, and h = lecm(aq,...,ax). Then

NAlz N u]NZ[z]* =N : h*°.
®  C xIs called a maximal independent set of variable for \

P CF,z]if PNF,[u] =< 0 > and tu = dim(F,[z]/P
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separatorsZ

put B a list of prime ideals generated by a Grébner basis w.r.t.
some ordering, not contained in each other, P € B.

tput Polynomial s such that s ¢ P, s € @ for all Q € B\{P}.

® for (Q € B\{P})
choose sq in the Grobner basis of ) such that sg ¢ P;

® return(][ocp\ Py 5Q);

|
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extractZ

put

tput
I
I
I

N C Z[z]®* a submodule, B the list of minimal associated primes
of N, P € B with PN Z = (p) for some prime p, u C z an
iIndependent set of variables for PF),|x].

The primary component () of A/ associated to P.
s := SEPERATORSZ(P, B);
N =N :s%;

compute G = {g1, ..., gx}, a strong Grobner basis of N/ w.r.t. a
block ordering satisfying = ~ u > u;

compute {ai,...,ar} such that LCzp, , (z~u)(9i) = p** - a; With
a; € Zlu] ~\ (p);

compute h = lem(aq,...,a), the least common multiple of
Ai,y...,0k,

return (N : h*>°); \
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primdecZ

put Fy = {fi,..., fu}, N = (Fn)z, Optional: a test ideal T
tput L:={(Q1,P1),...,(Qs, Ps)}, N =Q1N...NQ, irredundant

© o 0o @

°

primary decomposition with P; = 1/Q);.
Ann(Z[z]* /N') N Z=(q);

if (¢ =0)

compute h € Z such that N : h = NQ[x]| N Z[x]*;

compute Q4,...,Q,, an irredundant primary decomposition of
NQ[z] and P; = \/Q, the associated primes;

compute Q; = Q, N Z[z]®, P, = P; N Z[x];

|
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primdecZ

°

compute g = p;* ... p¥, the prime factorization of g;
compute Z; = {(Q\”, P\"),. (Q i?)}, the primary
decomposition of /\/IF p: 1)

= {(Q\", P, ..., (Q, P))Y, the lifting of L; to Z[x];
else
compute A; = {?gi), . ,Fg)}, the set of minimal associated
primes of NV'F,, [z] and compute pseudo—primary submodule

using Shimoyama—Yokoyama and apply extractZ to extract
primary submodules from pseudo—primary submodules.

|
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THANK YOU
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